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Weakly collisional plasmas are subject to nonlinear relaxation processes, which can operate at

rates much faster than the particle collision frequencies.

In this Letter

to compare with spacecraft measurements of the solar wind compressive fluctuations

at 1 AU. This enables a measurement of the effective mean-free-path of the solar wind protons

found to be 4.35 x10° km, which is ~ 10° times shorter than the collisional mean-free-path. These

measurements are shown to

nd demonstrate that

Introduction.— Many natural plasmas (e.g., interstel-
lar medium, galaxy clusters, black hole accretion disks,
solar wind) are in a weakly collisional state, where the
particle collision frequency v, is smaller than other
characteristic frequencies (e.g., proton gyrofrequency Q,,
inverse magnetic field correlation time 1/7. etc.) M
Thus, the characteristic timescales of the plasma motions
w can span from collisional (fluid) w < veen to collision-
less w > veon [, B] Knowledge of the transition scale
W ~ Vel 1s vital to understand the thermodynamics of
astrophysical plasmas ﬂ]

The escaping solar corona, known as the solar wind, ex-
pands into interplanetary space as a super-Alfvénic and
turbulent plasma ﬂa—@] In situ measurements of parti-
cle distribution functions and electromagnetic fields en-
able fundamental plasma physics observations E] The
Spitzer-Hérm proton-proton collision frequency v5% de-
creases with radial distance from the Sun, and by a
few solar radii, is much smaller than other characteristic
frequencies. In principle, the dynamics should be de-
scribed by collisionless plasma equations. For reference,
at 1 AU, typical frequencies are 5% ~ 4 x 1077s71,
Q,~ 107 s, 1/7. ~ 1075571 |8, .

Despite the weak collisionality of the solar wind, many
aspects appear to be described by fluid equations: mag-
netohydrodynamic (MHD) turbulence theory predicts
the shape of power spectra (e.g., magnetic field, proton
density) ﬂﬂ, @], spatial transport ﬂﬂ, 18], and the
proton heating rate by the energy cascade ]. While
this is due, in part, to the dominance of Alfvénic fluctu-
ations ﬂ, ], compressive fluctuations, that should
be severely damped in a collisionless plasma ﬂﬁ], display
the MHD slow-mode polarization (magnetic and thermal
pressure anticorrelated). They are routinely detected at
a range of scales HE7 following a power law pre-
dicted from the MHD equations ﬂ, @, @, @] The most
clear evidence of fluid behavior can be seen in the strong
correlation between the density and thermal pressure, in-
dicating a polytropic equation of state @@]

While the Spitzer-Harm collision frequency appears in-
compatible with the fluidlike behavior of the solar wind,
weakly collisional plasmas are also subject to nonlinear
processes that prevent extreme departure from equilib-
rium M] Solar wind observations present substan-
tial evidence of temperature anisotropy instabilities con-
straining the particle distribution functions E, , 43~
46] suggesting they experience pitch-angle scattering by
plasma waves [47]. These processes can play a similar role
to collisions i.e., they are effective collision processes.

This Letter presents a measurement of the effective
mean-free-path of the solar wind by comparing observa-
tions of compressive wave-mode polarizations to numeri-
cal solutions of varying effective collisionality. It is shown
that the transition from fluid to collisionless dynamics in
the solar wind occurs at scales several orders of mag-
nitude below the classical Spitzer-Harm mean-free-path,
explaining the fluidlike behavior of the weakly collisional
solar wind.

Theory and numerical solutions.— The kinetic MHD
equations with the Bhatnagar-Gross-Krook (BGK) col-
lision operator @, @] produce dispersion relations and
plasma fluctuations (e.g., magnetic field and pressure)
that span between the collisionless and collisional lim-
its @@] They describe a nonrelativistic, magnetized
plasma of arbitrary collision frequency ﬂﬂ, @] The spe-
cific equations, which we refer to as KMHD-BGK, model
both the proton and electron responses with the kinetic
equation. The BGK operator is used here to model re-
laxation processes, not particle collisions, so we use the
language of an effective proton collision frequency veg or
mean-free-path )\fffp = v}, /Vest, where the proton ther-
mal speed is vj}, (see Supplemental Material).

Assuming plasma motions are slow compared to the
gyrofrequency €),, the second moment of the kinetic


http://arxiv.org/abs/2203.12911v1
songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang


songyongliang



equation and the ideal induction equation leads to,

d(p]\ pi
Bdt( B)_ V- (qlb)

2 Veff
-¢'V- 5 () —P1), (1a)
n3 P B2
d p”
_Ed_< 3 )— V- (4d)

e
2k g, (1b)
where d/dt is the convective derivative and the quanti-
ties are the proton density n,, magnetic-field strength
B, (perpendicular) parallel (p ) pﬂ’ proton pressure, field

+¢1 V- b+

parallel flux of (perpendicular) parallel (¢9) qﬁ’ pro-

ton heat, and the unit magnetic field vector b = B /B
[53, 154]. The Alfvén speed is va = B/\/4mnpym,, the
proton gyroradius is p, = vy, /S, and the ion-acoustic

\/(3kBTH + kBTHC)/mp, where the parallel

speed is ¢ =
proton (electron) temperature is Tll‘) (T)-

Equations () are often discussed when the right hand
sides are zero and are then referred to as the double adi-
abatic equations or Chew-Goldberger-Low (CGL) invari-
ants |53]. The focus here is on how the CGL invariants
are broken, for example, by the heat flux terms in the
collisionless limit, and by the collisional terms (x veg).
Therefore, the relative conservation of the CGL invari-
ants provides a sensitive test of the equation of state [55].

We proceed by constructing measures that describe the
correlation and amplitude ratios of the left hand sides of

Eqs. (@),

Ci = <\6pﬁ|2<>511;}if\i;iéf;))‘z)l/z, (2a)
Ay = <‘6(7z%]j;)2|§>1/2 <‘6p<§)“1>>1/27 (2b)
Cr = <\6pz|§§?%f\(§f§>|z>m, (2¢)
AL = SR (2d)

where dy = x — (x) is the fluctuation about the aver-
age (x). The method compares predictions for Egs. (2)
derived from the slow-mode eigenmodes of the linearized
KMHD-BGK system (e.g., 6p" , 6B etc.) to solar wind
measurements. See Supplemental Material.

The model’s free parameters are the propagation an-
gle 0; ; and proton effective mean-free-path )\fff ,
they can be measured. The wavenumber k and the pro-
ton beta 8 = 87kppP/B?* where p? = 2ph /3 —i—pﬁ/?) are
set to measured values. The species temperature ratio
is set to a typical value for the solar wind T,/Te =
and the effective mean-free-path species ratio is set to
)\fnﬁfp / )\fnﬁfp electrons = 95 See Supplemental Material at for
details of electron physics.

The top panels of Fig. [ldemonstrate the ability of the

KMHD-BGK equations to resolve the dynamics of the
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FIG. 1. Numerical solutions of the KMHD-BGK equations for
a range of kH)\mfp (see color bar). The remaining parameters
are defined in the text. Vertical axis labels are annotated on
the panels, where v (wr) are the imaginary (real) part of the
complex frequency. The bottom panels are Eqs. (2al), 2d).
The dotted (dashed) magenta lines are the long (short) limit
of )\ff;p corresponding to the collisionless (collisional) slow-
mode / ion-acoustic branch for 6 ; = 88°[37, 156].

compressive slow-mode from collisional (lighter blue) to
collisionless (black) [51]. Numerical predictions for Egs.
[@a), @d) (bottom panels of Fig. [) show distinct dif-
ferences at 8§ > 1 for k”)\fﬁcp, which can be compared
to observations. The MHD/collisionless limits are illus-
trated in magenta, for C'; (bottom right panel) these two
limits produce similar trends, therefore it is necessary to
make comparisons at multiple k|, to measure )\mfp

Measurements— The dataset consists of Wind space-
craft measurements of the pristine solar wind during
years 2005-2010. The electrostatic analyzer 3DP records
onboard moments of the proton density, velocity and
pressure tensor, and the magnetometer MFI records the
magnetic field, at a nominal ~ 3s cadence |57, 58].

The dataset is restricted to time intervals satisfying
three criteria: (i) 95% of the data is available (the
remaining is then linearly interpolated); (ii) the me-
dian density must be greater than 1 particle per cm™2;
and (iii) the average norm of the non-gyrotropic tensor
(NP = pP — l;l;pﬁ — (1 — bb)p"), must be less than 30%
of the average norm of the pressure tensor pP.
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FIG. 2. B-conditioned probability functions of the quantities
in Eqs. (@) for the wavenumber bin ksw = 0.288 x 107 km™?.
The thin black line is a contour of probability equal to 0.01.
The magenta lines are mean (dashed), median (solid), and
mode (dotted) conditioned on the S-bins.

To probe a set of wavenumbers we measure the four
quantities in Egs. (@), the average radial solar wind ve-
locity (Vsw), and average proton beta for a set of time in-
tervals 7 = [30s, 1min., 2mins., ..., 128mins.]. The time
scales are converted to wavenumber ksw = 1/7(Vaw)
via Taylor’s frozen-in-flow (TFF) assumption [59]. Three
bins of equal probability density are obtained where
the median of each bin is kgw = [0.288,1.41,6.34] x
1075 km ™!, which lie within the inertial range of the mag-
netic field power spectrum at 1 AU @] The wavenumber
bins contain [2.98,16.6,70.0] x 10° samples.

3

For bin ksw = 0.288 x 10 °km ™! the S-conditioned
probability functions of Eqs. (2]), all mapped to a com-
mon color bar, are displayed in Fig. Bl The S-trend lines
in magenta (see caption) capture statistically significant
differences between 3 < 1. From the correlations C), C.
it is clear that the CGL invariants are rarely conserved
(Cy,CL = 1), but display similar trends to the theoret-
ical expectations (Fig. [[). The amplitude ratios Ay, A
demonstrate a relative decrease in fluctuation amplitude
of the pressure components at g > 1.

Comparison  of measurements and  numerical
solutions.— To compare theoretical predictions of
Eqgs. 2l to observations, a degeneracy in parametrization
must be dealt with: the numerical solutions primarily
depend on kAl = kcos(f; ;) Ak [51); such that
)\fffp, 95),; are degenerate. To address this we introduce
a scale dependent anisotropy model (kj ~ k¢), which
relates k£ and 05),;,

]1/<a—1>’ "

ki ; a/(l1—a) ;
k — 1SO . A A
e ()| [cos(Oha)

where i, is the isotropic wavenumber (k; = k) and
« is the anisotropy exponent, generalised from turbu-
lence models ﬂﬁ] Comparing solutions parameterized
by )\fffp, a, kiso across multiple wavenumbers k = kgw
clears the degeneracy.

Finally, the predictions of Egs. (@) from the nu-
merical solutions are normalized to the measured S-
conditioned mean value (dashed magenta lines in Fig.
2) of C,CL, Ay, AL at B~ 10~!. This is to account for
the fact that linear polarizations are only approximately
observed in strong turbulence [9].

Ranges of «, kiso, Ao = [0.05,1.0], [5 x 107%,5 x
10~ km ™", [3.5 x 10%,2.1 x 10°] km are chosen for com-
puting numerical solutions. The ranges of «, kis, are con-
sistent with previous observations ﬂQ, @] The range of
)\fffp returns numerical solutions of Egs. (2] that com-
pare qualitatively well with the observations (seen in Fig.
[2). The Spitzer-Harm mean-free-path returns the (colli-
sionless) ion-acoustic dispersion relation which is incon-
sistent with the measurements.

To make a quantitative comparison, we compute the

“goodness of fit”,

N
R= N—lz(ﬂi — 3i)?, (4)

where §; (g;) is the local numerical solution (local mea-
sured mean), summed over i, denoting the ith S-bin.
R(ksw; o, kiso, )\fffp) is calculated for each wavenumber
ksw, where the mean ; is respective to the wavenumber
bin. The R-values are inverted for unnormalized weights
(w = R7Y), divided by the maximum weight, then
summed over wavenumber W = ", w(k; o, kiso, )\iﬁp) to



break the aforementioned degeneracy. From this volume,
weighted geometric means p,,, covariances ogyy, and two
sigma confidence intervals CI, are calculated (see Sup-
plemental Material) [63,64]. This is the method we em-
ploy to measure the quantities )\ifﬁcp, a, kiso, providing the
main results of the Letter.

To visualize the weighted parameter space for C', , Fig.
illustrates the weight volume W(a, kiso, A ), numeri-

mfp
cally integrated over each parameter axis Y,
Xn W(a, kiso, A
W, = / e 210 Kiso: Xonty), (5)
X0 Xn — X0

where X, xo are limits of the range. The weighted means
in Fig. [Bllie in the maximum regions of W, , within the
confidence intervals, indicating the weighted geometric
statistics are a good representation of the observations.

To check the scale dependence, Fig. [ displays the
observed [-conditioned means of Eqgs. (@) and the nu-
merical solutions corresponding to the maximum V. The
numerical solutions and observations trend similarly with
wavenumber indicating the scale dependence of the effec-
tive collisionality has been well modeled. The parameters
of the maxima (recorded in the panels of Fig. @) do not
correspond exactly to the weighted geometric means of
W (seen in Fig. [) reflecting the statistical nature of the

measured quantities.

The method of calculating statistics for )\fffp, a, kiso

displayed in Fig. Bl for C; produces similar statistics for
Cy, A, AL (see Supplemental Material). Therefore, in
Table [l combined statistics are reported. The measured
effective mean-free-path and mean proton thermal speed
(measured with this data set) gives an effective collision
frequency of veg = Ufh/)\fffp =1.11 x10~* 571,

The transition frequency, where veg ~ w can be esti-
mated with veg = vf},/ /\fffp and the ion-acoustic disper-
sion relation wpy = k” s, giving the parallel transition
wavenumber kj™" = vf} /es Xoif, 137, 151, 165]. Using the

wavenumber model (Eq. (@), the transition wavenumber

TABLE I. Combined weighted geometric mean p, standard
deviation 0 ., and the two sigma confidence interval CI,.

Statistic Value(s) Unit
fha 0.425 -
Pkieo 5.36 x107® km™!
Hoyet 4.35 x10° km
mip
Cl, [0.210, 0.858] -
Cly,,, [0.0637, 4.51] x10™7 km™!
Clett [0.102, 18.6] x10°  km
mip
Ug,kiso/(ga»a Ukiso:kiso) 0.221 -
2 0.336 -

g g O y eff ff
ot/ (7o O, et

vett [ (Okigo ko Tneft yett ) 0.172 -
mfp mfp’'mfp

kiso,

3
1.0
S 0.51

0.0 =

T 7
= 10773
é -4
9; 4
3 1084

10° 106

ff.
)\?nfp (km)

FIG. 3. The three panels display the integrated “goodness of
fit” (Eq. (@) for each parameter x, for C';. The magenta
crosses indicate the weighted geometric means and two sigma
confidence intervals.

is,

(1-a)/a

p p\2
ktrans _ Uth 1 4 [()\ 2(’Uth) (6)

fF 2
?nfp Kiso Cs)

Inserting the combined statistics from Table [l using a
typical value of vf} /cs = /1/2 for the solar wind, and
using the TFF assumption, the transition wavenumber
in spacecraft-frame frequency at 1 AU is (Vaw) k20 =
firans = 0.19 Hz, and Cljwans = [0.046, 0.33] Hz. The
uncertainties are propagated from Vsw and the four es-
timates of ktrans from C”, A”, OJ_, AJ_.

Discussion.— We have measured the relative non-
conservation of the CGL invariants and modeled the be-
havior with the slow-mode branch of the KMHD-BGK
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FIG. 4. The four panels show the -conditioned mean of the
four quantities in Eqs. (@) for the three median wavenumber
bins ksw = [0.288,1.41,6.34] x 107> km™" as solid (black,
blue, magenta) lines respectively. Statistical uncertainties on
the mean trends can be seen in Fig. The dashed lines are
the numerical solutions corresponding to the maximum W;
the parameters of the maxima are reported in the panels.

equations to measure the effective mean-free-path of the
solar wind protons and the scale dependence of the slow-
mode wavenumber anisotropy (Table[ll reports the statis-
tics of these measurements). The primary result of
this Letter is the measured effective proton mean-free-
path that is ~ 103 times smaller than the Spitzer-Harm
mean-free-path (Aﬁl}flp = 1.14 x 108km, measured with
this dataset). Therefore, the fluidlike range in the so-
lar wind extends to much smaller scales than predicted
based on particle collisions. In addition, the scale depen-
dent anisotropy of the compressive fluctuations (o ~ 0.4)
is consistent with previous measurements [9, 62], being
more anisotropic than the Alfvénic fluctuations.

The measured transition frequency, the scale between
fluid behavior (f < f%2"5) and collisionless behavior
(f > ftrans) of ftrans — (189 Hz is at the well-known
break in power law (kipp, ~ 1) of the magnetic field
power spectrum at 1 AU [8, |60, |66]. These measure-
ments therefore justify the use of fluid MHD theory at
larger scales (k1 pp < 1) [1,19, [13H21, [32, 167]. If the re-
sult k1 pp ~ k”)\fnﬁfp turns out to be a general property of
weakly collisional plasma, this provides a simple param-
eterization for the effective collisionality of astrophysical
plasmas.

Effective collisional processes have long been studied
theoretically and numerically |3, 6&8-73], but it is an open
question as to the relevant role of the various mechanisms
[2,140-42, [74-176]) and how they are activated |65, (77, [78].
Therefore, further studies are necessary to assess exactly
what key physics of weakly collisional plasma leads to the
measured effective collisionality, since most astrophysical
plasmas, being multi-scale and turbulent, will support ef-
fective collision mechanisms [79]. The measurements pre-
sented here provide constraints to be satisfied by theories
of effective collision processes.
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Supplemental Materials: Title for main text

OUTLINE OF SUPPLEMENTAL MATERIALS

This document provides supplemental materials for the Letter titled, “Measurement of the Effective Mean-Free-
Path of the Solar Wind Protons”. Section details the wavenumber model (Eq. 3 of the Letter) and the transition
wavenumber (Eq. 6 of the Letter), Section introduces the weighted geometric statistics (reported in Table 1 of the
Letter) and shows a figure of the weighted geometric statistics, and Section introduces the Spitzer-Harm collision
quantities (referenced in the text of the Letter). Section introduces the collisional-kinetic magnetohydrodynamic
equations, shows the linear Fourier analysis, normalisation and the linear system of equations to be solved numerically.

WAVENUMBER MODEL

The model & ~ k¢ introduced here is generalized from the critical balance model of Alfvénic turbulence (see Ref.
[61]). In the Letter it is used to model the compressive wave propagation angle 6y ;. To ensure the isotropic scale is
defined correctly we begin with,

N A T
kiso/\/i B <kiso/\/§> (Sl)

where « is the anisotropy exponent. Since, k| = kcos(fy ), k1L = ksin(f ) we have,

k cos (0, ) B kesin(0g ) “ o [ Fiso
kiso/\/i _< kiso/\/i ) - kl B <\/§

)= COS(@E,&) = 1/+/2, we have,

11—«
) COS(@B)R)_I sin(@,;)f()a, (82)

so that at 96,12 = 45°, sin(GB_’f(

e <%>w§) — (k) (53)

so we have recovered the isotropic scale k = kis, where k. = k). Writing the wavenumber model

kiso
V2

This Eq. appears as number 3 of the Letter. Here k depends on 957& parametrised by o € [0,1), kiso. Eq. B4l can be
inverted on 6y ; € [0,90°) for k.

The wavenumber model is also used in the derivation of Eq. 6 of the Letter. Just above Eq. 6, in the text of the
Letter, the relation,

k= cos(ﬁf)’l;)l/("_l) sin(ﬁf)_’l;)"/(l_a). (S4)

kﬁrans)\‘fﬁp =oh /cs, (S5)
is argued to define kﬁ“*“s, which can be compared to measurements with the full wavenumber £%#2%, Using the model
(Eq. [54) to write,
Ut]:)h trans trans Kiso trans\a/(1—a)
=k COS(QBJA( )= tan(ﬁl;_’f( ) . (S6)

Cs )\fnﬁfp V2
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Solving for 95712 ,

P (1-a)/e
grrans — arctan{ {7\/51)“1 ] }

b.k Cs kiso )\?nﬁfp

Now, k'@ can be written,

k:
trans __ 'viso trans\1/a—1 .: transya/l—a
k = COS(@E},{( ) SIH(QB)R ) .

V2

Using the trigonometric identities,

x
t = g i t = —,
cos(arctan(z)) N sin(arctan(z)) N
yields,
Ltrans _ Eiso (#) 1/a—1 (L>a/l—a'
V2 VT2 VIt xE
Where,

(1-a)/a
\/§vp
X = [ th

I
Cg kiso /\;)nfp

which simplifies to,

kiso a —a
ktrans =22y /(1—a) /1 +X2

V2

Now inserting y,

l-a)/a
ktrans — ’Ufhl 14+ |: 2(U§h)2 :|( / )
cs Aol 2 k2 ()\ﬁlﬁfp)Q

mfp iso

This appears as Eq. 6 of the letter.

WEIGHTED GEOMETRIC STATISTICS

Following Refs. [63,164]. For the ith observation z;, the geometric mean is,

n

1
fg = eXP{E > 1n|wi|},
where n is the number of observations. It is noted that,
1 n
In|pg| = - Zln|17i| = Ea(In|a),
3
where the operator,

E, =

n
Z,
i

S|

(S9)

(S10)

(S11)

(S12)

(S13)

(S14)

(S15)

(S16)



is the arithmetic expectation value, so that the natural logarithm of the geometric mean is the arithmetic expectation
of the natural logarithm of the observations. If the observations have unormalized weights w;, the weighted geometric
mean,

g, = exp{ sl (517)

which reduces to the geometric mean if w; = 1V . The same applies for the expectation values,
w; ln x
In|fiy.g.| = Z . | 1| = Ey.a (In|z;]), (S18)

where,

1 — W;
w.a. — n ) 1
W 19

is the weighted arithmetic expectation operator. The arithmetic covariance matrix is,

(07%)? = Ea[(2i — Ea(2:)) (s — Ea(y))], (520)
It follows then that the weighted geometric covariance matrix,
[ (054 )?] = Ew.a. [(Xi = Bwa. (X)) (Yi — By (Y2))] (S21)

where X; = In|z;|, giving,

2 1 - X Yi }
oY) = exp{ =— > w;ln . (522)
(ovt) 2 wi Z B VT e 7
The confidence interval for the arithmetic statistics,
B 0P = CIE = [uf — 02, 4 027 (s23)

where CI} is the arithmetic confidence interval. For the two sigma geometric confidence,

I o (0%8)%  +

Crz L , S
et fon 7, — = Ol = s (0050 s /(705 (524)

Inlpeg, ¢ | £ Inf(035 )% = {

where CIg, , is the weighted geometric confidence interval. The statistics detailed here are used to calculate the main
results of the Letter, which are reported in Table 1. In the Letter, the subscripts w.g. has been dropped.

In the Letter it is stated that the methods used to measure the three unobserved parameters a, kiso, /\mfp has been
repeated for the measurables C',C), A1, A|. The left column of Fig [STl displays the statistics. The means and
confidence intervals are consistent among all the measurements, and so the combined statistics are reported in the
Letter.

The right column of Fig. shows the normalized weighted geometric covariance between the model parameters,

2
oy )2 (Ui”v’y )

They are consistent with each other, so that only the combined statistics are reported in the Letter.

COLLISION LENGTH AND TIME-SCALES

Following Refs. [10, [11] the Spitzer-Harm proton-proton collision frequency for a proton-electron plasma with
T, < T,, where T, (T,) is the proton (electron) temperature, where the inequality sign is the typical case for the solar
wind plasma, is written,

Vil = 4.8 x 1078 ny (kpTy) /2 A s, (S26)
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FIG. S1. The weighted geometric mean (Eq. [SI) are plotted on the left column as circles. The confidence interval (Eq. [S24)
is plotted as a vertical line. The right column are the non-diagonal terms of the normalised weighted covariance matrix (Eq.

[529).

where n, (cm™3) is the proton number density, kg7, is in eV and the Coulomb logarithm is In|A|. The Coulomb
logarithm for proton-proton collisions,

\/2np

A:23—1nW . (S27)

The dataset described in section Measurements of the Letter provides the following averages,
np = 5.33 (cm™?), (S28)
T, = 30.0 (eV), (S29)
vh, = 48.3 (km/s), (S30)

where the proton thermal speed is vf},. With these measurements we calculate,

vplh =423 x 1077 (s71), (S31)
Aoty = vh /v5h = 1.14 x 10° (km), (S32)

where A?nlgp is the Spitzer-Harm proton-proton mean-free-path.

LINEAR COLLISIONAL-KINETIC MAGNETOHYDRODYNAMIC

In this section the eigenvalue problem that is solved to report all numerical quantities is detailed. The kinetic
magnetohydrodynamic equations are found in Ref. [52]. The collision operator is the Bhatnagar-Gross-Krook [BGK]



introduced in the research article Ref. [49]. This form of equations, now called KMHD-BGK, which appears in
Ref. [50], has been studied previously because they offer a linear closure scheme that incorporates Landau/Barnes
damping and collisions or a relaxation processes. In Ref. [51] they show the dispersion relations produced from the
KMHD-BGK equations transition from collisional (fluid) to collisionless wave mode solutions, which is the primary
purpose of our study.

The equations are introduced in Section , linearized and Fourier analyzed in Section , and written as a linear
homogenous system of equations in Section . This can be solved with a numerical treatment of the plasma dispersion
function and a numerical algorithm for eigenvalue problems. Solutions to these equations form the numerical treatment
in the Letter.

Overview of equations

Beginning with the Vlasov equations and transforming the coordinates into a new velocity frame v; — w; =
v; — uf(t,r) shifted by the species “s” bulk velocity ui(¢,r) it can be shown that a gyrotropic distribution function
fs = fs(x,w,t) will evolve according to,

w wi ob; O

0
{6t (brwoy + ) > axz B

oo b3 (2 22

Cwdow 9 ou [(wl_ “)1 d wi”fsz—us[fs—Fs]. ($33)

2w Ox; ow T Oz w Ow I dw

Index notation is used so that the dot product appears as a;b; which implies a sum over i. The quantities here are
the normalized magnetic field vector b; = b;/|b;|, the parallel (perpendicular) peculiar velocity in the guiding center

frame wy = wil;i (w L= 4 /w2 —wj ) and the parallel electric field E).. T he equilibrium distribution function,

3/2
. N msNs $\2
Fs =ng < 2, ) exp{ - 2—ps(v — ujj) }, (S34)

is assumed to be Maxwellian. The quantites here are the density n,, mass mg, and scalar pressure 5ijpfj, where §;; is
the Kronecker delta and pj; is the pressure tensor. The right hand side of Eqn. [S33lis the BGK operator where v, is
the effective collision frequency. Changing variables from wy, w — wy, w? /2|b;| reveals the more familiar form of the
drift kinetic equation.

These equations are accompanied by the Oth and 1st moments of the drift kinetic equation,

) o .

gns + ox; nat =0 539
o 9N, 0 . 1

Mg <E + uja_l'j)ui + %jpij —(sNs <E + ezgku bk> =0, (836)

where the quantities are charge ¢, electric field vector Fj, speed of light ¢, and the Levi-Civita tensor €;;z. The
momentum equation is summed over species s = p, e (protons, electrons) so that the electric field can be eliminated
with the quasi-neutrality assumption n, = n. = n. After using the smallness of the mass ratio m./m,, (electron mass
/ proton mass) to eliminate electron inertia terms, Eq. [S36] becomes,

mon (g + 8 g Y+ o o+ 95) = e =0 (37)
where the definition of the current arises, J; = gynyul’ + genpu$. The ideal Ohm’s Law,
E; = eijrufby. (S38)
Inserting into Faraday’s Law and simplifying,
0 0 0

Ebi = bja—xj’ug - 6—%115171 (839)



giving the induction equation. Using the normalizations in Section and taking the speed of light to be much larger
than the Alfvén velocity we can write the current as,

0
Ji = €55 =—"0bg, S40
€iik g OF (540)
giving the total momentum equation,
0] p O » o ,, 1 0] 0]
a, P8 i = PG <. - b—b_b_bZ =0. S41
mpn(at + ug 8{Ej>uZ + 8Ij (ng +pz;) + c J(?Ii J Jaxj ( )
With the quasi-neutrality condition,
Np = Ne, (542)

our equations can be closed by linearizing them and taking density and pressure moments of the drift kinetic equation.

Linearization and Fourier Analysis

The perturbations we use,
b; = b, + Bb; (543)
Ey = Ej (844)
uf =’ (345)
fs=fi+Fs (S46)
ns = ng +nl, —n® +nl (S47)
pr=pio+pY = pl+pY (548)
P =Dpjo+p| =P +p] (549)

where the primed variables are the fluctuations about the unprimed variables (background). The background electric

field has been ordered out and we are in the guiding center frame so the background velocity field is zero. The Fourier
ansatz in space and time,

fo@i, zp,vp,0,t) = fs(v” yu,t)expli(krzy + kjz) —wt)} (S50)
b/i(:EJ_, x|, t)y=1"b; exp{i(kj_xj_ + kaH — wt)} (S51)
u/i(:zzl, x|, t) = U; exp{i(kaL + k”IH — wt)} (852)
Ell‘ (,TJ_, x|, t) = EH exp{i(kj_;vj_ + k”xH — wt)} (S53)
’ﬁ,s(xj_,xn,t) = /dgw fs(;vj_,x”,w”,w,t) (S54)

s ms 3 2 7
pJ_(a:l,xH,t)ZT/d vwl fs(ri,z),w),w,t) (S55)
ﬁﬁ(zl,xn,t) = ms/dgw wﬁ fs(xL,xH,wH,w,t) (S56)

where the wavenumber k; = 6;1 k1 + J;) k) and complex frequency w have been introduced. The Fourier amplitude of
the perturbed distribution function,

r3 1 Nsqs sTs BH wl
= EywFs —iw —F,—
f z(—w—l—k”w” —iVS) ( Ps It B 2
— s - Mstts wllﬁﬁFS — MsTls wHﬂﬁFS
(—w+kjwy —ivs) ps ps

S ~5 5 s'ls ~5 stvs 3 sits ~
L v _r n_[__mnw2}+]o_{mnwz__}_FMwHUﬁ . (S57)
i( = w kywy — ivs) P



This will be integrated for the pressure and density fluctuations. The continuity equation (Eqn. [S35) is linearized
and Fourier analyzed to produce,

—lwn + m(kﬂlﬁ_ + knﬂﬁ) =0. (S58)

The continuity equation is necessary for only the protons s = p. The total momentum equation is linearized, Fourier
analyzed, and then projected onto the directions perpendicular and parallel to the magnetic field.,

wmpnity| = k) () + Bf) (859)
- . . B = 5
mpnwu:j_ = kLpﬁ_ +k1pg + I (kle — kHbL) (SGO)

where the result here is for a Maxwellian background distribution function (isotropic). The velocity components are,

uf = by, ul = [u§ (Jiu — bib)], (S61)
and the gyrotropic pressure,

P =P (6i; — bib) + pjjbib; (S62)

Pl = %Pfj (6i5 — bib;), P} = p5;bib;. (S63)

Following the same procedure on the induction equation,
wl;L = —Bknﬁi (864)
w13|| = B/@_ﬂ,}i, (865)

To close the system of equations we need equations for p9 , f)ﬁ , g for protons and electrons which will be produced
by taking the appropriate moments of Eqn. [S571 Taking the moments and rearranging produces,

ns Pl _ W @ Vs N . Vs Ps g
Ng Ds |I€”|’US B (CS) sz|k||| Ng (Cs) + sz|k”|psZ(<S) ( 66)
2 ns pp__w b B
3 v Mg 1 v, (255 1D}
+ Sl [2CR(Cs) — Z(Cs)] + S Tolen (gp—t §p_s) (Z(¢) — 2¢R(Gs)] (S67)

where the plasma dispersion function is written as Z((;) appearing in the quantity R({s) = 14+(sZ((s). The argument,

G = o (w + w> (S68)

where vy is the species thermal speed, (s is the location of the pole in complex space.

Normalization and eigen-equations

Now we introduce the normalizations
V= VWp, N — NN, Uaq — Uals, W —> WWp,
7 7 ~ - -1
bo = ba B, 3, — DiPB, ka — kav, "wp (S69)

where o =1, || and we introduced the plasma frequency w, = (47ng2/m,)'/?, the Alfvén speed v, = B/(4mnm,)"/?

the thermal speed vy = (QkBTS/mS)1/2 and the magnetic pressure pp = B2/87r. The temperature is defined T =



8

ps/nskp. The proton plasma beta 5P = vg/vi = pP/pp = 8mnkpT,/B? where, p* = (2p% + pﬂ)/?) is the background
total pressure. Rewriting the equations we obtain,

. 1 ~ ~ ki . o
wuL—F—(—kLbH—FkHbl)——l(pi +pL):O (S?O)
ﬁp 2ﬁp
. k|
Wi = 5501 =0 (S71)
wlN)L + k”uL =0 (872)
w13|| — /@_’fu_ =0 (873)
wn — (k”ﬁ” + kJ_'aJ_) =0 (S74)
and the complex poles,
w+ P w+vP
P = - (S75)
[y lvg [F
e e D
. WV w+ve [Tyme (S76)

= —
&y vg, [yl \ Tsmy

The pressure normalizes as pS /p® — p2 /8% and the rest of the quantities are already normalized so we obtain,

5 2 - 1
a(l+ ¢ 2°) —%<1+§g§ z) — by, 2 — Bscs 272 =0 (S77)
3
ﬁ(l +2ACY R+ 5627 - 2C5R5)> ﬁ'l <R + c,,( - 2C5R5)>
- (1 +2(C)PR -R+ (28 - 2<R5)> - F_ S(2°—2(R*) =0 (S78)
Now we can write the linear system of equations,

(w0 ky/By —ki/By O —ki/2B, 0 —k1 /28, 0 7 [uwt] o]

0 w 0 0 0 0 —k) /2By 0 —ky /28, | | I 0

kb 0w 0 0 0 0 0 0 by 0

k. 0 0 w 0 0 0 0 0 by 0
-k —k“ 0 0 w 0 0 0 0 n| =10 (S79)

0o 0 0 54 55 gﬁ 57 0 0 ;25;_ 0

0 0 0 AL AR AR AL 0 0 p| 0

0 0 0 64 65 0 0 66 67 P 0

L0 0 0 e, Agy 0 0 Asg Az | Uil L0

where we have defined,
A =1+¢52° (S81)
1
Ass = 5 (1 + 302 ) (S82)
CSZS
s _ _Sv S83
Agz 35 (S83)
5, = — (1 +2(C)PR —RE+ (20 - 2CSR5)> (S84)
3

= (120rRe+ g2 - r)) (585)
S S S _ 2 SRS 886
76 = 3ﬂSC S(Z2 C*R?) (S86)

= (R4 gz - 20m)) (587)



This system of equations can be solved with a numerical recipe for the plasma dispersion function and a numerical
root finder. This system of equations provide the numerical solutions used in the analysis that provide the main
results of the Letter.

The electron response is modelled with the kinetic equation. The ratio of the species mean-free-paths arises when
parametrising this model. In the Letter it is quoted to be A /) eff = 5. This reflects the fact the electron

mfp/ “‘mfp,electrons
gyroscale is much smaller that the protons. Regarding the numerical code, when increasing the ratio )\fﬁcp / )\fﬁcp’electmns
from a value of 1, the dispersion relations do not change drastically, but by about 7, the root finding algorithm begins
to fail or the null space of the matrix is not small. Therefore, we kept the parameter to be 5.



